Paper 1 Mock Mock [110 marks]

1. [Maximum mark: 5] 25M.1.AHL.TZ1.1
3
Consider the function f(z) = 4% — 16z, wherexz € R.

Thegraphof y = f(a:) has a local minimum point at (p7 q) wherep > 0.

Find the value of p and the value of g. [5]
Markscheme
fi(z) =42 - 16 w1
sets their derivative equal to zero M1)

42? — 16 = 0,(z = +2)

p =2 (acceptx = 2) A1

substitutes their positive pinto f(x)  M1)

y="5 - 16(2)(= % ~52= %)

___ 64 __ —64
q= 3 (accepty = 5 ) Al
[5 marks]
2. [Maximum mark: 7] 25M.1.AHL.TZ1.2

Bob invests 1 000 dinar in an account which pays a nominal annual interest rate of 4 % compounded quarterly.

The amount of money in the account after one complete year can be written as 1 000(1 + k)4 wherek € Q.

(@  Write down the value of k. [
Markscheme

k=45(= 15 =0.01) m

400 100
[1mark]
(b)  Expand and simplify (1+ x)4. [2]
Markscheme

attempt to find binomial coefficients or multiply out brackets M1)
2
e.g.Pascal’s triangle down to correctrow OR (1 + 2z + :E2) OR substitute into binomial expansion

(1+2)*



(o]

=1+4z+6z2+4z3+z* m

[2 marks]

Hence or otherwise, find the amount of money in the account after one complete year, giving your answer correct

to the nearest dinar.
Markscheme
METHOD 1
recognition that the expansion can be used with & replaced with k M1)
(1+ 555)"

=1+ g5 + gz +--- (= 1+0.04 +0.0006+...) @1

multiplies by 1 000 (seen anywhere) m1)
1000(1 + 55)*
1000 + 40 + 0.6+... (= 1040.6...)

= 1041 (dinar) A1

METHOD 2
attempt to find the value of(l =+ k)4 by hand M1)

(1.01)* = (1.0201)(1.01)* = (1.030301)(1.01)
=1.0406... @1

multiplies by 1000 (seen anywhere)  (M1)
1000(1.01)*

= 1040.6. ..

= 1041 (dinar) 41

[4 marks]

[Maximum mark: 4]

Find the area completely enclosed by the curvesy = €*,y = —e”,and thelinesz = —landx = 1.

Markscheme

METHOD 1

attempt to set up integral €* — (—ex) = 2e% or2e”® andthendouble  (M1)

25M.1.AHL.TZ1.3
(4]



J(e®—(—e®))dz oR 2 [e"dz
=2 e"da
- -1
= 2[e?]’! (A1)
- -1
attempt to substitute correct limits into their integrated function and subtract M1)
_ 1 _ 2 o -1
—2(e—e),2e =, 2e —2e A1
METHOD 2

1 1 1 1
Jefdz=1e"]", and [, —e*dx=[—€"]"; @
attempt to substitute correct limits into both their integrated functions and subtract M1)
el —eland —e! — (—e7!)
subtracts their two integrals in correct order M1)
el —el—(—el+e)
= 2(e — l), 2 — 2 2 —2"1 m

e e

[4 marks]

[Maximum mark: 6] 25M.1.AHL.TZ14
Considerevents A and Bsuchthat P(A/) = P(AU B) = % and P(B1A) = %

(@ FindP(ANB). E]
Markscheme
P(A) =1
attempttouse P (B 14) = PI(,I?%D (M1)
2 _ P(BNA)
3 ()

P(ANB)=3(7)

w(=5) #

[3 marks]

(b) Show that events A and B are independent. [3]

Markscheme



attempttouse P (AU B) = P (A) + P (B) — P (AN B) OR aVenn diagram, with their values of P (A) and

P(BNA) m

P(BIA)=P(B) or P(A)P(B) = % so P(AN B) =P (A)P(B) (hence Aand Bareindependent)

R1

Note: The RT is dependent on all previous marks.

[3 marks]

[Maximum mark: 8]

25M.1.AHL.TZ1.5

Consider a sequence of ten rectangular picture frames F'y, F, .., Fy, F1g.

Picture frame F'y has width 4 cm and height 5 cm.

The width and height of picture frame F,, are each increased by 50 % to generate the width and height of the next picture frame

Foiqforn € ZT,1<n <9,

. -1
@) show thatthe area of picture frame F}, is 20 ( %) " em?.

Markscheme

fora sequence of areas, uses two consecutive terms to find a common ratio OR for sequences of both widths and heights
uses two consecutive terms for both sequences to find both common ratios OR recognises that both widths and heights are

geometric sequences with common ratio % M1

areas form a geometric sequence with first term 20 and common ratio

OR area of picture frame F, is4(%)n_1 X 5(%)11—1

areaof F), is20(%)n_1 AG

[2 marks]

45

20 Al

(a.ii)  Hence, find the mean area of the ten picture frames, giving your answer in the formp((%) - 1) cm2, where

p€QtacZh

Markscheme

uy(r"—1)

attempt to find the sum of the areas using S, = 1

9)\10_
sumofareasm((g%l) (: 16((%)10 — 1)) (A1)

(m1)



meanarea:% 20((%%;1;1) (:1_10<16((%)1071)))

[3 marks]

4
(b) Find the median area of the ten picture frames, giving your answer in the formq(%) CmQ,Whereq € Q+. [3]

Markscheme

recognition that median is between 5" and 6™ picture frame m1)

20(2)"+20(2)°

median area = M (A1)
_ 209+
- 2
_ 65 (9\4
=2(7) a

65
q= 35
[3 marks]

[Maximum mark: 6] 25M.1.AHL.TZ1.6

Theline L1 hasvectorequationr = 4% — k + A(aj + k),where a ) € R
The line L has vector equation 7 = 4 — bk + /J,(i + 25+ 3k),where bu e R
The lines L1 and L are perpendicular and intersect at a unique point.

Find the value of @ and the value of b. [6]

Markscheme

(A1)

scnsonseas k(= (o] | smsi 2501 2]
\ /) \ s/

recognition that the scalar product of the direction vectors is 0 m1)

N————

0 1
al-|2](=2a+3)=0
1 3

oo

a = — Al
atpointof intersection4 = 1 + p, —%)\ =2pand =1+ A=-b+3u ()
attempt to solve 3 equationsin u, A and b, derived from the point of intersection, to find g, Aand b. ~ (M1)

p=31x=-4



b=14 m

[6 marks]

[Maximum mark: 5] 25M.1.AHL.TZ1.7

Consider the complex number 2 = 31

(a) Write the integer 3 in the form e®wherea € R. [1]
Markscheme

(3=)e"3 oRa=1n3 a1

[1mark]

(b)  Hence, giving your answers in the form p cos (ln q) wherep,q € Q+,ﬁnd

(bi) Re (2); [2]
Markscheme

” = %eiln3 OR (Re (Z)) = e—ln3 COS (ln 3) (A1)
(Re (2)) = 3cos (In3) 41

[2 marks]
(bi) Re (2). [2]
Markscheme

L = 3e7"3(= 3(cos (—In 3) +isin (—In 3))) oR (Re(%) :)eln3 cos (—In3) @)
Re(1) =3 cos (—In3)
=3cos(In3) oR 3cos (In3) a1

[2 marks]

[Maximum mark: 7] 25M.1.AHL.TZ1.8
Seema claims thatn. > log, nforn € ZT.

(@  Showthatl + log, n > log, (n + 1)forn € Z*. 2]
Markscheme

1+ log, n = log, 2 + logy n
=log,y(2n) a1



2n > n+1 oRr log,(2n) > logy(n+1) R
(form € Z7) (since 10g2 X isan increasing function)

1+logy n >logy(n+1) (forn € Z) 46

Note: Do not award AORT.

[2 marks]

(b) Use mathematical induction and the result from part (a) to prove that Seema’s claim is valid. [5]
Markscheme

forn =1
logy 1 =0and1 >0 orR LHS = 1,RHS = log, 1 =0 OR log, 2 > log, 1 R
(sotrueforn = 1)

assumetrueforn = k,iek > logy kM1

Note: Award MOfor statements such as“letn. = k” “assume 1n = k is true”.The assumption of truth must be clear.“Assume
Py true”is accepted.
The following two marks after this M1 are independent of this mark and can be awarded.

hence

1+ k> 1+ log, k(usingassumption) M1

> 10g2 (k =+ 1) (using result from part a) Al
henceiftrueformn = kthentrueforn = k+1  R1

and as true forn = 1, therefore true forallm € 7+,

Note: Only award the final R7 if the first three marks have been awarded.

[5 marks]
[Maximum mark: 8] 25M.1.AHL.TZ1.9
Consider the homogeneous differential equation % = z;z ,wherex > Qandy # —.
Itisgiven thaty = Owhenx = 2.
By using the substitution y = v, show that the solution of the differential equation is .’,122 — 21:y — y2 = 4. [8]
Markscheme
d d;
y=wvx, 3¢ =z5 +v

dv _ z—vz ([ 1-v
T3z tuv= T+vT (_ 1+v)




dv _ 1
Tiw +v= (A1)

dv _ 1-w _ 1-—20—v?
Tar = T+o —’U(— T+v )

attempt to separate variables and form two integrals m1)

idv:‘f%dx

1—2v—v?

f%dmzln:&kc A1

use of substitution or inspection to integrate % orequivalent M1)

u=1-2v—1"= ¥ =-2-20=—-2(1+v)

14+v
1—2v—v?

dv=—3ln|1-20—2*| R —3ln v’ + 20— 1] =In|e|+c a1

_1 _oy _ ¥
2111‘1 24 ¥

—In|z| =c OR —%ln‘z—z+2%—1‘—ln|x|:c

EITHER

attempt to substitute £ = 2 and eithery = Qorv = Otofindaconstantc  (M1)

c=—In2

—%1n‘1—2%—z—2 —ln|x|:—ln2OR—%ln‘z—z+2%—1‘—ln\m\:—ln2 A1
OR

x2‘1—2%—z—2:A0Rm2§—2+2%—1‘:A a1

attempt to substitute z = 2 eithery = Oorv = Otofindaconstant A (M17)

THEN

2122 - Ll-goma(1-2L-%) =4 u

z z?

checking boundary values confirms 2 — 2zy — y> =4 4G

Note: Condone absence of absolute value signs even if removed incorrectly until the final A7 mark where they must be seen or
have been removed to form a correct equation.

[8 marks]

10.  [Maximum mark: 18] 25M.1.AHL.TZ1.10
The function fisdefined by f(z) = 5(z + 1)(z + 3),wherez € R.



(@) Write f(:E) inthe forma (:C — h2) + k,wherea, h, k € Z.
Markscheme

METHOD 1
a=5 (A1)
attempt to use roots and symmetry to find h M1)

(-D+(-3)
h= S

(=1)—-(=3)

OR half the distance between the roots ~— D) = 1 (may be seen on a diagram)

h = —2 (acceptx = —2) (A1)

flz) = 5(z — (~2))% — 5(: 5z +2)% — 5) a

(=5, h=-2, k=—5)

METHOD 2
a=5 (A1
attempt to expand

(x+1)(z+3)=2>+42z+3 OR 5(z + 1)(x + 3) = 5z + 20z + 15

EITHER

uses their expansion to attempt to complete the square to the form M1)

p(ZE + q) 2 -+ 7, where g is half the coefficient of their  term

:(m+2)2—22+3<= (x+2)2—1) OR 5[(x+2)2—22+3}(:5(x+2)2—5> an

OR

uses their expansion to attempt to differentiate and sets equal to zero m1)

W =2z 4+4=00R §L£ =10z +20=0

h = —2 (acceptz = —2) (A1)

OR

uses their expansion to attempt to find axis of symmetry using h = ;—5 m1)

_ -4 _ =20
h = =~ OR h_—10

h = —2 (acceptx = —2) (41



THEN

f(z) = 5(z — (=2))2 — 5(: 5(z +2)? — 5) n
(=5, h=—2, k=—5)

[4 marks]

(b) Sketch the graph of y = f(ac) showing the values of any intercepts with the axes and the coordinates of the

vertex. [4]
Markscheme
y
15
y=5
X
—3\/
(2,9
M1A1A1A1

award M1 for a roughly symmetric curve which is concave up
award A for x interceptsat —3 and —1

award A7for yinterceptat 15

award ATfor vertexat (—2, —5)

[4 marks]

(9  Solvetheinequality f(z) < 40.

Markscheme

5(z +2)> — 5 <40 OR 5(z + 1)(z +3) <40 OR (z + 1)(z + 3) < 8leadingto (z + 2)> < 9 OR
522 +20z —25 <0 OR z2+4x—-5<0 @

valid attempt to find the critical values for their quadratic inequality m1)
z+2=230R (z+5)(x—1)=0

r=-5x=1 (A1)



—5<z<1 m

Note: Accept (z €)[—5, 1] orequivalent.

[4 marks]

The function g is defined by g(:l:) = 1In x,wherex € R,z > 0.

(di)  Write down an expression for ( f o g)(z).

Markscheme

(fog)(z) =5(Inz+1)(Inz +3) or 5(In z + 2)*

[1mark]

(dii) Solvetheinequality (f o g)(z) < 40.
Markscheme

attempt to replace & with In 2 using their solution to part (c)
—-5<Imnz<1

edP<z<e m

5

Note: Accept (.’L‘ E) [e7 ,e] orequivalent.

[2 marks]
(e)  Findthedomainofg o f.

Markscheme

(g f)(z) =In (f(z))
recognition that the domain requires f(:E) >0 M1)
(z+1)(z+3)>0

<=3, z>—-1 mm

Note: award A7 for critical values and A7 for correct inequalities.
accept (:E 6)(—00, —3) @] (—1, OO) orequivalent.

[3 marks]

11. [Maximum mark: 17]

—50rR5(Inz)’+20Inz+15

(m1)

The plane IT; hasequation  + 2y + z = 0 and the plane I hasequationz — y — 2z = 0.

Al

[3]

25M.1.AHL.TZ1.11



The acute angle between the planes IT; and I15 is 6.
(a) Show that@ = 60°.

Markscheme
1 1
normalsole and Hz are | 2 land | —1 (A1)
1 —2

attempt to use the scalar product for the angle between two vectors m1

1 1 1 1
211 -1 =112 —1]|cos@
-2 1 -2

—3=1+/6v6cosf(s0o—3=6cosf) Al
Note: Award A7 for correct scalar product and A1 for correct magnitudes of normals and cos 6.

_ 1
cosf=—5 M
6 =120" OR cos (180°—0) = 5 A1
acuteangleis60° 46

[6 marks]

Athird plane I3 is perpendicular to both II1 and I15.

The unique point of intersection of all three planesis the point R(5, — 5, 5).

(b) Find the Cartesian equation ofH3.
Markscheme

attempt to find vector product of their normal vectors m1

1 1 —4+1
2l x|-1])=| 1+2
-2 —-1-2
-3 -1
=13 =3 1 (A1)
-3 -1

equation of II3is —3z + 3y — 3z = d OR —x + y — 2z = d orequivalent
attempt to substitute z = 5, y = —5, 2z = Hinto theirequation m1)
equationof IIgis—3z + 3y — 3z = —45 (so—x +y —z= —15) 41

[4 marks]



Each of the planes IT; and IT contains a mirror.

Aray of light is directed towards the mirror in II1.The ray of light forms an angle of 45 ° with I and meetsiit at the point P.
The ray of light is then reflected towards the mirrorin I3, and meets I3 at the point Q.

The points P and Q are contained in IT3.

Itisgiven that PR = 5 cm.

This information is shown on the following diagram.

-7

ray of light

(c.i)

— V216 3]

Using an appropriate compound angle identity, show thatsin 75" = =
Markscheme

attempt to use the identity for sin (30°+45°) M1)

sin (30°+45°) = sin (30°) cos (45") + cos (307) sin (45°)
_ V2 V3 [ V2

=B(F) + (F)(F)  ww

= 26y

Note: A7 for each term. Award A1A0for correct answers where the denominator has not been rationalized such as

_ 1, V3
_2\/§+2\/§'

[3 marks]

(cii)  Find QR, giving your answer in the formp(\/ﬁ - 1) cmwherep,q € Z. [41
Markscheme

etz = QR

attempt to use the sine rule with theangles 75°,45°  (M1)



12.

5 _ T
sin 75° ~  sin45°
20 20 .
xr = — = orequivalent A1
V2(V2+V5) 2(1+v3)

attempt to rationalise a denominator of the form (\/E + \/b) multiplying numerator and denominator by

:I:(\/_ - \/5) orequivalent  (M1)

B 20(\/57\/6) B 20(17\/§)
T VA(VEE) (Vave) \ 2(1+v3) (1)
$:5<\/§—1)(cm)(p:5,q:3) A1
[4 marks]

[Maximum mark: 19]
Consider the family of functions f, () = cos™ z,wherez € Randn € N.

(@  Bywritingcos™ z ascos™ ! z cos , show that

Jeos"zdz=cos" lzsinz+ (n—1) [cos"?zdz— (n—1) [cos"z dzforn > 1.

Markscheme

attempt to use integration by parts on fn(:r) =cos" ! z cos x mi1

u=cos" !z, g—; =cos
du 1 n—=2 . s
4w =—(n—1)cos" “zsinz,v=sinz

[fa(z)dz=cos" 'zsinz+ [(n—1)cos" 2z sin*zdz A
Note: A7 for each term with correct signs

=cos" 'zsinz+ (n—1) fcos" ?z(l—cos’z)dz A1
=cos" 'zsinz+ (n—1) fcos" ?zdz—(n—1)fcos"zdz 46

[4 marks]

(b)  Hence,showthat [ fn(z) d @ = Lcos" L zsinz + 2L [ f, o(z) d zforn > 1.

Markscheme

attempt to rearrange the equation given in part (a) to collect termsin ffn(x) d xorfcos” zdzx mi

25M.1.AHL.TZ1.12



Jfu(@)dz+ (n—1) [fol@)dz=cos" ' zsinz+ (n—1) [ foo(z)dz OR
Jeos"zdz+ (n—1) [cos™ zdz=cos™" 1msmx+(n—1 ) [cos" 2z da

n[fu(z)dz=cos" 'zsinz+ (n—1) [ f,_2(z) dz oR
nfcos"xd:vzcos”’l:csinm+(n—1)fcos"’2$d:v A1

[ fa(z) dz = Lcos™ 1xsmx+—ffn2 A6

[2 marks]

(0 Hence, find an expression forfCOS4 x d x,giving your answer in the form
p cos®  sin ¢ + g cos  sin & + rz + cwherep, ¢, r € Q7.

Markscheme

attempt to use equation from part (a) to reduce the power of COS M1)
feostzda=fcoszsinaz+ 3 [cos’zdx

EITHER

attempt to use equation from part (a) again to reduce the power of COS T M1)

[cos* zdz = +cos®

OR
attempt to use double angle formula to rewrite cos? zin terms of cos 2 M1)

feostzdaz=tcosdwsina+ 2 [(<=ZH)dz )

THEN

1 3

4 COos T sin x + cosacsmac+ w—i—c A1

[4 marks]

The region R is enclosed by the graph of y = cos?  and the z-axis where — % <z

diagram.

zsinzg+ 3(4coszsinz+ 1 [1dz)

< %, as shown in the following



S~ X
_T
2
The region Riis rotated by 2m radians around the x-axis to form a solid of revolution.
(d) Find the volume of the solid. [4]

Markscheme

2
attempt to use the formula for volume of revolution using It and (COS2 m) m1)

volume=f (Cos X) dx

[NE]

volume = [ m(cos® 93) x 0R2f2 (cos® ZE) dz @)
0

5
Note: Condone omission d & for the A1.

attempt to substitute correct limits into their (c) and subtract M1)

(eos® (=) sin(—5) + eos (-5) i (-5) +3(-3))

3 o n _
<4cos 2sm2—i- c0s2sm2+ <2>>

Note: FTmarks may be awarded for a final answer of 712 based on non-zero values of p,qandr.

[4 marks]

(ed)  Find the Maclaurin series of fn(x) up to the termin z2. [3]

Markscheme

METHOD 1

attempt to raise Maclaurin expansion for COS X to the power of m1)

falz) = (cos 2)" = (1= 5+ )"

:1—%+... A2

METHOD 2



attempt to differentiate fn (x) twice M1)

ful(z) = —n cos™ 'z sin x, full(z) = —ncos™ z +n(n — 1)cos™ 2 zsin®
fn(o) =1, fn,(O) =0, .fn//(o) =-n
falz)=1-24 .
[3 marks]
(@) Henceor otherwise, find lim M in terms of n.
z—0 z
Markscheme
METHOD 1

attempt to use Maclaurin expansion for fn(m) m1)

n22
lim % = lim — 5 (_ lim (—% + powers of m))
z—0

z—0 z—0 x

=—-5 M

METHOD 2

Y . " -1

attempt to use I'Hopital’s rule twice on R gb(f) m1)

: cos" (z)-1 . —ncos" lzsing _ 1. n(n—1) cos" 2 z sin? z—n cos™ z
hmT —hmT—hm 5
z—0 z—0 z—0

=—-5 M

Note: Do not award FT marks for an expression that does notinvolve n.

[2 marks]
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